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AIIIInd-The axis)'lDllletric IarJe delec:tion behaviour of imperfect. tapered. circular plates is lIIIIyled by
the JDetbocl of Dyumic RcIaxatioIl. TIle ....ysis is mttic:ted to plates with IiBear tbickDess tapeh aDd
doe impedec:Iiou, the Ianer beiDa sympllbetic to the apptied llDiform Iatenl preuure. In aeneral. the
results of the lIII1ysis show tbat the deIec:tiou aDd stresses do 1IOt vary peatIy with variations in the taper
ratio. but that they reduce sipificantly as the mapitude of the imperfection inc:reues.

NOTATION
a plate diameter

A" AI. A, ~ extellSiollal stifneues
D" DI • Dr pIare lexural stif...es

", " ndiIIaDd taIlIeDtiaI strains
E YOIIIII'slllOcluius

IJ, Ia, pIare tbic:bess at an IIbitrary point/radius
Ito pille tbicbess It , - 0
k deIection a&nity parIIIlCter

Ie" 1', radia1aDd tlDleDdai ClD:'VIbIreI
M" AI, radia1 and tIIIpDtiaIstress couples
H" H, ndiaI and taIlIeDtiaI stress resuItuts

q Iatera1 pressure
4(- qr.4Irllto...., cIiDeasioaIeas Iatera1 pressure

, arbitrary radius
'0<-la) reference radius

1/ radiIl displacement
w. initial plate deIectioD
w. additioaaI plate deIection

#11(- WI/bo) dimenaioIIIessldditioDal plate~
a plate tbicbeu taper ratio
II Poisson's ratio

O'~.. radial and~ beadiaI-­
0':' radiIl and taIIIeIniII ...... IIreII

c;~..(- O'~..,lIr lito-~ cIimeDIioaIeu radiIlaDd tIIIIIDIiaI beadiDa stress
c;:,(- 0'r;:,'o2Irllto-~ climensioDless radial aDd tIIIIMdiaI beacIiDa stress

(r derivative with respect to ,

INTRODUCTION

Circular plates are commonly utilised as primary load c:aIT)liDa elements in structures. UIUIIly,
these plates are of constant thickness, but sometimes it is convenient to use plates, which taper
in thickness. The design of these plates is generally based on small deflection theory. Whilst this
approach is adequate in most circumstances, it is nevertheless conservative. A more rational
approach would be to utilise elastic large defteetion theory and to account, as weD, for initial
imperfections, which may be present fortuitously or by desian.

Unfortunately, the initial imperfections, which may be present, may take a variety of forms
and this serves to complicate any study of their inftuence on the plate behaviour. However, jf

the restriction is imposed that the initial imperfection should alwayl remaiD aMne to the
additional plate deflection, then a parameter study to asselS the iDftueftce of the initial
imperfection on the plate response in the large deftection regime may be more readily
accomplished. In the present context, the type of aflinity selected for the initial imperfection is
linear (see eqn 3 of the next section). This choice implies that·it is of the same form as the
additional deflection resulting from the applied loading. Thus as only uniform lateral pressures
are considered herein, then the implied initial imperfection is a siDale half-wave. The linear
relationship between the initial and additional deflections implies the further CODlCqueDCC that
the initial imperfection is load dependent, a fact which is commonly assumed to be atypical of
real imperfections. Nevertheless, this·feature is thought not to be too serious[l], and. moreover,
the results of the present computations may be expected to reveal~ same general trends as
those based on real imperfections.
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Nylander[l] has shown that provided certain boundary condition similarity conditions are
satisfied, then the perfect or flat plate large deflection results may be used to construct the
corresponding results for plates with affine imperfections. Amongst the many results presented
by Nylander are those for a uniformly loaded, constant thickness, simply supported, circular
plate with affine imperfections. However, no results were presented for clamped circular plates
and, moreover, Nylander has not shown that the same form of construction can be applied to
plates, which taper in thickness. Since the usefulness of this technique relies heavily on the
availability of the corresponding flat plate solution, the author has not seen fit to examine
whether this technique may be extended to tapered plates, even though some perfect tapered
plate results for the large deftection regime are available [2, 3]. Instead, die author believes that
a more reliable approach is to solve the large deftection equations of tapered plates with affine
imperfections directly by numerical integration. The particular integration procedure selected is
known as Dynamic Relaxation (DR)[4].

PLATE GEOMETRY

The current study seeks to examine the influence of two particular geometric parameters on
the plate response in the presence of a uniform lateraiload. These two parameters are: the
thickness taper ratio, a, and the imperfection or deflection aftinity parameter, Ie.

In practice, only linear thickness tapers are likely to arise and heIlce the plate thickness at
an arbitrary radius, r, may be expressed as,

(1)

where r = O~!a. Thus for the present purposes, it is considered sufticient to restrict the
computations to three distinct a values, namely: -i 0 and +!.

The total plate deflection may be expressed as,

W= WO+WI (2)

where Wo and WI are the initial and additional deftections respectively. If the initial deflection is
to remain aftine to the additional deflection, then the foUowins relationship is implied,

(3)

and hence by varying the value of k a whole ranae of initial imperfection mapitudes may be
examined. The particular Ie values chosen for computational purposes are: 0, !, 1 and 2.

ANALYSIS

(i) Go""'inI '4lUUiollS
The DR method is suited to the numerical intep'a&ion of low order dilerential cquaIioos.

Because of this, it is convenieDt to retain the separate identities of the compatibility, constitu­
tive and equilibrium equa&ions tbroQlbout the analysis. These equations assume the foUowins
forms for uisymmetric deformations:

(a) Compatibility '4wiollS. Utilising eqns (2) and (3) the compatibility equations may be
expressed as,

er =u· +!(1 +2Jc)Wj2

(b) COllstitutive equations.

kr=-Wj'

Ie, = -r-Iwj.

(4)
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N, =Art, +A,el

Nl = A,e,+ Artl

M, =D,k, +D,kl

AI, =D,k, + D,kl'
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(5)

Equations (5) apply to polar orthotropic materials, but all the plates considered herein are
assumed to be fabricated from an isotropic material (e.g. steel, for which II =0.3) and hence,

and (6)

(c) Equilibrium equations. Only the transverse equilibrium equation is affected by the affine
imperfection, so that these equations are

N~+ r-'(N, - Nl ) =0

M~' + r-I(2M~- Mj)+(1 + k){N,(wj' + r-1wj)+ N;wj} + q =0. (7)

(ii) Boundary conditions
The study is restricted to circular plates with either a simply supported or a clamped

boundary and in each case full in-plane restraint is assumed. Thus the appropriate boundary
condition equations are:

(1) Simply supponed (r =~a).

(2) Clamped (r'" ~a).

w,=o
M, ... D,k, +D"" ... 0

u=O.

wi"'O

u"'O.

(Sa)

(Sb)

(3) DR procedure.
As the DR method is fully documented elsewhere [4], a description of its

application to eqns (4H8) is omitted. Nevertheless, it is worth pointiDa out that the present
application does make use of rationally determined fictitious densitiea[S] toaether with a unit
time increment. Thus only the two dampiq factors require to be determined by arbitrary means
and their evaluation and adjustment to achieve rapid solution conveqence is a relatively simple
matter. This approa,ch bas been found to be superior to the more usual approach. in which both
the fictitious densities and the damping factors are determined by trial and error.

RESULTS

A preliminary set of computations was undertaken in order to: (a) verify the computer
program, and (b) to determine a suitable mesh size for the main computations. Table 1, which
compares the DR results with those of Nylander for a uniformly loaded, constlllt tbictneas,
simply supported, circular plate, clearly demonstrates objective (a). Baed on tbeIe aDd other
results, it was concluded that objective (b) would be met by using a 10.5 interval interIacina
mesh for the main computations of the parameter study.

In order that the computer results may enjoy their widest possible application, they are
presented in FIgS. 1-5 in nondimensionai Il'IPhical form, which allows interpolation with
reasonable accuracy.
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Table I. Comparison between Nylander's and the DR proaram results at the centre of a uniformly loaded. constant
thickness. simply supported. circular plate with an affine imperfection (II = 0.25)

p!'!.- Ut1.1tt Itl&DIer" R••ults* DR Procram R"ults

·1 -Ill
·1 ~.tii II: ffr. t

20 0.36 1.40 2.90 1.3684 2.9331

20 1.00 1.00 2.75 1.0020 2.7648

20 4.44 0.45 2.25 0.4828 2'.1456

• '!he .yluder RellUltl have been en.luated by IcaUng graphs

ad a!'!- the!'!to!'! only g1ven to two d.c1_1 places.
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FII. 1. Additional central detlection vs lateral preuurC for I simply IIIppClrled c:in:uIIr plate (". 0.3);
(a) k • 0, (b) k • 0.5, (c) k • I, (d) k • 2.

FJ8Ure 1 presents the additional deflection at the centre of a simply supported plate as a
function of the lateral pressure for three values of the taper ratio aad folD' values of the alinity
parameter. It is evident that, in all cases, the additional deflection iDcreues maqiDIlIy with
increasm, taper ratio and decreases substantially as the value of the aIiDity parameter
increases. Corresponding results for the clamped plate are not prnented, since they Mer only
lIW'JinaIly from the simply supported results, i.e. from about '" at low values of the lateral
pressure to rather less than 2% at higher values. Therefore, except where peat accuncy is
required, the results of FII. 1 may be used for both sets of boundary conditions.

The central bending stress vs lateral pressure is plotted in FII. 2 for a simply supported
plate. Here too, the dependence of the bendiDg stress on the value of the taper~ aad the
affinity parameter is similar to that of Fig. 1, i.e. marginal in the case of the former and rather
more substantial in the case of the latter:

FJ8Ure 3 compares the simply supported and clamped plate centre bending stress for
a =±O.S and k =1 and 2. It is evident that the stresses diverge as the taper ratio decreases, but
that this effect redUceR as k increases in value.
ss VOL. ,. NO. 7-C
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Pia. 2. CeatraI beDdiDa stress vs lateral preuUl'e for • silIIply IIIJIIlCIftId cin:uIIr plate (JI. 0.3); (a) k • 0,
(b) k • 005. (e) k - 1. (d) k - 2.

In FII. 4 the simply supported plate centre membrane stress vs lateral pressure curves are
plotted for the upper and lower taper ratio limits and for each of the four k values considered
herein. They demonstrate that this stress is almost indepeDdent of the plate taper ratio and.
moreover, that it reduces sliabtly as the value of the alinity parametert k, increues.

Finally, FII. S compares the plate centre membrane stress for both simply suppaned and
clamped boundary conditions. A1tbouIb comparative results are shown for the upper limit of
the taper ratio only, a similar beba\iout is observed for other er and k values. Thus, these
C1D'Ves suaest that the results presented in FII. 4 may be used for plates with either boundary
condition without an undue loss in accuracy.
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V... 4. Centml membrane stress vs lateral pressure for a simply supported circular plate (" '" 0.3); (a) Ie '" 0,

(b) Ie = 0.5. (c) Ie = I, (d) Ie = 2.

40

30

20

- - - - - 'CLAMP£!) BOUNDARY
",,} ol-O'S,k-\

800 1000

Fig. 5. Centml membrane stress vs lateral pressure for simply supported and clamped circular plates
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CONCLUSIONS

The main conclusions to be drawn from the computed results are summarised as foUows:
(l) The centtal deflection increases moderately with increasing taper ratio and reduces

substantially as the allinity parameter increases.
(2) The centtal bending stress decreases moderately with increasing taper ratio and reduces

substanti8lly as the affinity parameter increases.
(3) The centtal membrane stress is relatively insensitive to taper ratio and decreases only

marginally as the allinity parameter increases.
(4) The centtal de8ection and membrane stress are relatively insensitive to the boundary

support conditions.

Acbo~-Tbe author wislIes to express his indebtedness to the Dept. of EnaiMering for providina both
computina facilities and assistance with the prepuation of the filURS.
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